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Abstract
We construct the N = 2, D = 9 supergravity theory up to the
quartic fermionic terms and derive the supersymmetry transforma-
tion rules for the elds modulo cubic fermions. We consider a class of
p-brane solutions of this theory, the stainless p-branes, which cannot
be isotropically oxidized into higher dimensions. The new stainless
elementary membrane and elementary particle solutions are found. It
is explicitly veried that these solutions preserve half of the supersym-
metry.
1 Introduction
The recent progress in the understanding of M-theory revived the interest
in the supergravity theories in diverse dimensions. Much work has been
done in constructing and classifying the p-brane solutions to these theories.
However, the extended supergravity in nine dimensions has not yet been fully
constructed and investigated. Purely bosonic N = 2, D = 9 action in the
context of type-II S- and T-duality symmetries has been discussed in [1, 2],
but the full action of the theory and the supersymmetry transformation rules
has not appeared in the literature. The goal of this paper is to ll this gap
and present an explicit construction of the N = 2, D = 9 supergravity up
to the quartic fermionic terms and provide an exhaustive classication of
stainless p-brane solutions of this theory.
With few exceptions, the lower dimensional supergravity theories can be
obtained by dimensional reduction of the eleven dimensional Cremmer-Julia-
Scherk (CJS) supergravity [3]. Some examples of such exceptions in D = 10
are provided by type IIB and massive type IIA supergravity theories [4, 5].
Dimensional reduction of CJS action, apart from massless supergravities,
can also give massive theories in D  8 [6, 7]. As one descends through the
dimensions to obtain lower dimensional supergravities, a plethora of isotropic
p-brane solutions arises [8, 9, 10]. Solutions of the dimensionally reduced
theory are also solution of the higher-dimensional theory, however, in higher
dimension these solutions may or may not exhibit isotropicity. The solutions
which cannot be isotropically lifted to the higher dimension and, therefore,
cannot be viewed as p-brane solutions in the higher dimension, are called
stainless solutions [11]. The extended N = 2 supergravity in nine dimensions
can be truncated to N = 1 supergravity whose stainless solutions consist of
an elementary particle and a solitonic 5-brane [11]. It turns out that, whilst
the elementary particle remains stainless in N = 2 theory, the solitonic 5-
brane becomes rusty and can be obtained from the type IIA D = 10 solitonic
6-brane. We explain this phenomenon by employing a two-scalar 5-brane
solution of N = 2 supergravity.
The paper is organised as follows. In sections 2, using the ordinary
Scherk-Schwarz dimensional reduction procedure [6], we obtain the bosonic
Lagrangian of N = 2, D = 9 supergravity theory by dimensionally reducing
the eleven-dimensional CJS Lagrangian from eleven directly to nine dimen-
sions. It is of interest to note that in D = 9, unlike D = 8 case [12],
nontrivial group manifolds do not arise. In section 3, we perform an analo-
gous dimensional reduction for fermions and obtain the fermionic part of the
nine-dimensional supergravity up to quartic fermions. The supersymmetry
transformation rules for the bosonic and fermionic elds, modulo trilinear
fermions, are derived in secion 4. In section 5, stainless solutions to the ob-
tained N = 2, D = 9 supergravity are analysed. New stainless elementary
1
particle and elementary membrane solutions are found, and it is shown that
they preserve half of the supersymmetry. A stainless solitonic 6-brane is also
discussed. It is noted that if one is to include type IIB chiral supergrav-
ity into consideration, the solitonic 6-brane and the elementary membrane
solutions become rusty and can be treated as descendants of the type IIB
solitonic 7-brane and self-dual 3-brane in D = 10.
2 Bosonic Sector













where e^ = det(e^ r^^ ), and F^^^^^ is the eld strength associated with the gauge
eld A^^^^
F^^^^^ = 4@[^A^^^^] : (2)
Here ^; ^;    = 0; 1;   10 are the world indices and the square brackets
represent the antisymmetrization with the unit strength. We take the metric
to be mostly positive and perform the dimensional reduction in the space-like
direction.
The Riemann tensor and the curvature scalar are as follows
R^r^s^^^ = @^ !^
r^




^ s^ − (^$ ^); (3)






where r^; s^;    = 0; 1;    ; 10 denote the eleven- dimensional flat indices.













We shall now perform the ordinary Scherk-Schwarz dimensional reduction
of CJS Lagrangian (1) directly to D = 9 dimensions. We begin by dimen-
sionally reducing the Einstein- Hilbert term in (1). It is convenient rst to
consider reduction from an arbitrary D+d to D dimensions, and then apply
obtained formulas to our case where D + d = 11 and D = 9.
The Lorentz invariance of the supergravity theory in D + d dimensions,










Here ; r = 0; 1;    ; D − 1; ; i = 1;    ; d, the hatted indices belong to
(D + d)-dimensional space, and A^i are the vector gauge elds that give rise
to 2-index eld strengths in the dimensionally reduced theory.














 ij : (8)
The components of the spin-connection !^r^s^t^ are given by [6]
!^rsj = 12 e^jF^

rs ;




r @e^j − (i$ j) ;
!^jrs = −!^rsj ; (9)


















Using (9), the following general formula for the dimensional reduction of the












 + g^@ln @ln
i
; (12)
where  = det(e^ i ) and R is a Ricci scalar in D dimensions.
We perform the following rescaling [6]
e^ r = 
γe r ;
e^ i = 
1




where L i is a unimodular matrix detL
i
 = 1, and γ is a free parameter that
determines an exponential prefactor of the Einstein-Hilbert term in a lower
dimensional theory.






















Under the rescaling of the type (13), the metric in D dimensions rescales
as g^ = 
2γg , and a Ricci scalar changes as
R! −2γ
h
R− 2γ(D− 1)grrln − γ




Using (12) and (15), we obtain the expression for the dimensional reduction
of the Einstein-Hilbert action from D + d to D dimensions (for d > 1) that























 ij, e = det(e
r
 ) and e^ = 
γD+1e. One, of course, is free
to choose not to rescale the veilbein as (13) and work with the unrescaled
veilbein given by (6). In that case, the expressions above would have to be
taken with γ ! 0 and d!1.












!^jrs = −!^rsj ; (18)
!^ijr = 
−γ (2Prij + 1dij@rln) ;
!^ijk = 0 ;




i @rLj + (i$ j); Qij = 12L

i @Lj − (i$ j) : (19)
We now turn to CJS Lagrangian (1) and dimensionally reduce it to nine
dimensions by applying the formulas (16)-(19) with D + d = 11 and D =
9. One can identify nine-dimensional gauge elds in terms of the eleven-
dimensional gauge eld as follows
A = A^ ;
A = A^ ;
A = A^ : (20)
It should be remarked here that there is an element of arbitrariness in
dening the gauge eld in D = 9. Let us recall that CJS Lagrangian is
4
invariant under the general coordinate transformation [6]. Upon compact-
ication, this symmetry becomes D = 9 general coordinate transformation
and a set of the [U(1)]2 reparametrization transformations. Denoting a pa-
rameter in D = 11 by ^, one can show that under the -reparametrization
transformation, the gauge elds dened in (20) transform noncovariantly in-
volving derivatives of the parameter . Nevertheless, the supersymmetry
transformation rules and the dimensional reduction procedure is somewhat
simplied by this choice [8, 11]. In order to obtain results in terms of the
covariant gauge elds, used in [6], one has to change conventions by identi-
fying the nine-dimensional gauge elds as Brst = 
3γA^rst, Brsi = 
2γA^rsi and
Brij = 
γA^rij . This amounts to the following redenitions of the elds:






Bi = Ai − 4A
j
[Ai]j ; (21)
Bij = Aij :



























F^rijk = 0 ;
F^ijkl = 0 :
Above rules reflect the fact that the eld strengths in D = 9 do not
transform covariantly under the U(1) transformations arising from eleven-
dimensional general coordinate transformation. This U(1) reparametrization
invariance should not be confused with another U(1) symmetry which is a
gauge symmetry of the antisymmetric eld in D = 9.
In D = 11, the U(1) gauge transformation is given by [6]
A^^^^ = 3@[^^^] ; (23)
which upon reduction gives the following U(1) gauge transformations
in D = 9:
A = 3@[] ;
A = 2@[] ; (24)
A = @ :
Notice that since we are performing the ordinary dimensional reduction,
none of the elds and parameters in D = 9 depend on extra compactication
coordinates, in other words, all @ derivatives are identically zero.
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Turning to the kinetic term for the antisymmetric tensor eld in (1) and
















The interaction term in the bosonic Lagrangian can also be dimensionally









where the totally antisymmetric tensor in nine dimensions is dened as
"19" = "19.
In order to have the canonical normalization of a scalar eld kinetic term







and choose γ = − 1
D−2 to bring the Einstein-Hilbert term of the reduced
theory to the standard form. A generalized method of dimensional reduction
for this particular choice of parameters was discussed in [6].

























































where LFFA is given by (26).
The bosonic action (28) is invariant under the Abelian U(1) gauge trans-
formations (24). We shall consider the supersymmetry and Lorentz invari-
ance of the full N = 2, D = 9 ation in section 4 where the supersymmetry
transformation rules for the elds will be derived.
Using the general expression for dimensional reduction of the Einstein-
Hilbert term (16), one can rewrite the action (28) in the p-brane metric [8]
which appears naturally in the p-brane -models and is related to the canon-







where ~d = D − p− 3 and  in maximal supergravity theories is equal to 4.
Then for the p-brane metric, the parameter γ is dened by the equation:
2(p+ 1)(7γ + 1)(−2=)1=2 = −(D − 2)a: (30)
In the following, we use the canonical value of γ, which in D = 9 is −1=7.
3 Fermionic sector
We shall now compactify the fermionic part of the elven- dimensional super-




















where the covariant derivative is given by




u^v^ ^t^ + !^s^t^
w^ ^w^ : (34)
The covariant derivative (34) commutes with the Γ-matrices: [D^s^; Γ^r^] = 0,
which obey the algebra
[Γ^r^; Γ^s^] = 2r^s^; (35)
where r^s^ = diag(−+ +   +).
The unhatted fermions and Γ-matrices are dened as follows
 r =  ^r;  i =  ^i ;
Γr = Γ^r; Γi = Γ^i : (36)
The fermions and the Γ-matrices with the world indices are dened by Γ^ =
e^ r^ Γ^r^ and  ^ = e^
r^























In order to bring the reduced Lagrangian to the canonical form, we have to
























In the kinetic term for the fermions, for example, the exponential in (39)
cancels against the corresponding factors coming from the determinant e^
and the covariant derivative D^s^, and the shift of the fermionic eld ensures
that the Lagrangian is diagonalised. In the arbitrary dimension D, one has






























































































































































where the covariant derivetives D  = e s e
t




Ds t = @s t + 14!suvΓ
uv t + !st
u u + 14QsijΓ
ij t; (45)




In deriving (43) and (44), we have used the following flipping property of
Majorana spinors in nine dimensions
 Γr1rn = (−1)nΓrnr1 : (47)
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4 Supersymmety transformations
In this section, we obtain the supersymmetry transfomation laws in nine
dimensions. In order to preserve the triangular form of the veilbein e^ r = 0,
one has to consider combined Lorentz and supersymmetry transformation
laws. As we shall see, the requirement of the o-diagonal part of the veilbein
be zero, imposes an additional constrain on the Lorentz group parameters.
This, in its turn, aects the supersymetry transformation laws of the elds.
Combining the supersymmetry and the Lorentz tranformation laws in
eleven dimensions, we have [3]
e^^r^ = −Γr^ ^^ + r^s^e^
s^
^ ; (48)
A^^^^ = − 32 Γ^[^^ ^^] ; (49)
 ^^ = D^^ − 1144






where  is a supersymmetry parameter, D^^ is a torsion free covariant deriva-
tive, and r^s^ = −s^r^ is the Lorentz group parameter.
Redening the fermionic elds according to (39) and taking dierent pro-
jections of (48)-(50), we obtain the corresponding transformations in nine
dimensions. The o-diagonal (r) projection of (48) xes the (ri) compo-
nent of the Lorentz parameter in terms of the supersymmetry parameter as
follows
ri = "Γri ; (51)






. Eq.(51) is the necessary condition for the triangular
gauge e^ r = 0 to be preserved. Naively, one might expect that the 
-
reparametrization invariance alone would be sucient to maintain the trian-
gular gauge of the vielbein. However, the explicit calculation shows that the
reparametrization transformation drops out of the (r) projection of (48)
altogether and, therefore, cannot modify constrain (51) on the Lorentz pa-
rameter. Substituting (51) into the (r) projection of (48), we obtain the
veilbein transformation law









where symmetrization is performed with the unit strength and 0sr is the
redened local SO(1; 8) Lorentz transformation parameter
0sr = sr − "Γ[s r] + 17 "ΓrsΓ
jj : (53)
Remaining two projections of (48) give the transformation rules for the



























ij()− "Γ(ij) + 
0
ij ; (55)
where the redened SO(2) Lorentz parameter is
0ij = ij − "Γ[ij]: (56)
Tracing (55) with ij, one nds the transformation law for , which upon
substitution into (52), puts the veilbein transformation law into canonical
form. Suppressing the 0rs and 
0
ij transformations, we obtain the supersym-
metry transformation rules for the bosonic elds:
e r = −"Γ
r ; (57)










































































































































Using (34), (36) and (39), and performing the straightforward reduction
of (50), one obtaines the transformation laws for the fermionic elds:

















































Γij" + cubics ;
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Γj" + cubics ; (64)
where





5 Stainless p-brane solutions
Most supergravity theories in D < 11 dimensions can be obtained by dimen-
sionally reducing D = 11 supergravity theory. Therefore, solutions of the
dimensionally reduced theory are also solutions of the higher-dimensional
theory. However, in higher dimension these solutions may or may not ex-
hibit isotropicity. The solutions which cannot be isotropically lifted to the
higher dimension and, therefore, cannot be viewed as p-brane solutions in the
higher dimensions, are called stainless solutions [11]. In other words, stain-
less p-branes are genuinely new solutions of the supergravity theory in the
given dimension and should not be treated on the same footing as solutions
which are descendants of the higher dimensional p-branes.
We rst briefly review some of the main results on p-brane solutions
[8, 10, 11] and then apply general results to constructing and classifying
stainless p-branes in N = 2, D = 9 theory. The p-brane solutions in general
involve the metric tensor gMN , a dilaton  and an n-index antisymmetric
tensor FM1M2Mn . The Lagrangian for these elds takes the form




e−aF 2n ; (66)
where a is a constant given by (29) [8, 11]. In D = 11, the absence of a
dilaton implies that  = 4. The value of  is preserved under the dimen-
sional reduction procedure and, hence, all antisymmetric tensors in maximal
supergravity theories have  = 4. However, if an antisymmetric tensor used
in a particular p-brane solution is formed from a linear combination of the
original eld strengths, then it will have  < 4. An example of this is a
solitonic 5-brane in N = 1, D = 10 supergravity considered below.
We shall be looking for isotropic p-brane solutions for which the metric
ansatz is given by [8, 11]
ds2 = e2Adxdx + e
2Bdymdym; (67)
where x( = 0;    ; d − 1) are the coordinates of the (d − 1)-brane world
volume, and ym are the coordinates of the (9 − d)-dimensional transverse




This ansatz for the metric preserves an SO(1; d− 1) SO(9− d) subgroup
of the original SO(1; 8) Lorentz group.
For the elementary p-brane solutions, the ansatz for the eld strenght is
given by [8, 11]
Fm1n−1 = "1n−1@me
C ; (68)
where "1n−1  g11    "
1 with "012 = 1, and C is a function of r only.
The dimension of the brane world volume is d = n− 1.
For the solitonic p-brane solution, the ansatz for the antisymmetric tensor





where  is a constant and the dimension of the world volume is d = 9−n−1.
The solutions to the equations of motion obtained from the Lagrangian
























~d = D−d−2 and  = 1 ( = −1) for the elementary (solitonic) ansatz. In the
solitonic case, the equation of motion for the eld strength is automatically











The solutions (70)-(72) are valid for an n-index ld strength with n > 1.
When n = 1, i.e. ~d = 0 , there only exists a solitonic solution described by
(70) with kr−
~d ! klogr and ~d! 0.
Stainlessness of a p-brane solution crucially depends on a degree of the
antisymmtric tensor involved in a solution, and the value of constant a oc-
curring in the exponential prefactor. There are two dierent situations when
a stainless p-brane solution may arise in a given dimension. In the rst sce-
nario, no (D + 1)-dimensional theory contains the necessary eld strength
for a brane solution. In particular, if in D dimensions the solution is elemen-
tary, the (D+1)-dimensional theory must have a eld strength of degree one
higher than that in D dimensional theory. If it is a solitonic solution, the
(D+ 1)-dimensional theory must contain a eld strength of the same degree
as in D dimensional theory. In the second case, the required eld strength
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exists in the (D+1)-dimensional theory, but a p-brane is stainless only if the
constant a^ of a corresponding antisymmtric tensor in (D + 1) dimensions is
not related to the constant a of the D-dimensional theory as [11]
a^2 = a2 −
2 ~d2
(D − 1)(D − 2)
(73)
It should be noted that in determining whether or not a particular p-brane
solution is stainless, we restrict our attention only to the supergravity theories
which can be obtained from D = 11 supergravity. This, for example, will
lead us to conclude that a solitonic 6-brane and an elementary membrane
in the nine-dimensional theory are stainless. However, if we include type-
IIB theory into consideration, we will see that these p-branes are no longer
stainless and can be isotropically oxidized to the solitonic 7-brane and the
self-dual 3-brane of type IIB supergravity.
In order to consider solutions to the obtained N = 2, D = 9 supergravity
theory, we need to parametrize tensor Pij in the Lagrangian (28). Since after
separating out the determinant, the internal veilbein has only two degrees of


























The internal metric (75) is not diagonal, therefore, the terms in the La-
grangian containing g will not be diagonal as well. To diagonalize the
























Here and throughout this subsection M;N; P = 0;    ; 8 denote the curved
nine-dimensional world volume indices, whilst R; S; T = 0;    ; 8 denote the
flat indices.
Then the Lagrangian (28) can be written as






















































2 + LFFA ; (77)
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where
F 2n  FM1M2MnF
M1M2Mn
denotes the square of an n-index eld strength, HM = @ME and the parameter
 is set to 1=2.
If in (77) one retains only one eld strength and a corresponding dilaton,
which for F (i)2 and F
0(i) is a linear combination of  and ’, one arrives at
the Lagrangian of the form (66). Then general results described above can
be applied to constructing single p-brane solutions in the given supergravity
theory.
It should be noted that for the purposes of nding a purely elementary
or a purely solitonic p-brane solution, the FFA-term in the Lagrangian and
the Chern-Simons modications of the eld strengths can be disregarded
due to the fact that the constraints implied by these terms are automatically
satised in D = 9. However, in general, for certain p-brane solutions, the
LFFA term and the Chern-Simons modications to the eld strengths give rise
to nontrivial equations in some dimensions [10]. Good examples illustrating
this point are dyonic p-branes in D = 4 and D = 6 dimensions.
Since our principal interest lies in the stainless p-brane solutions, we have
rst to determine which of the p-branes of N = 2; D = 9 supergravity are
stainless. For this, one recalls that the N = 2; D = 10 supergravity contains
a 2-index eld strength, a 3-index eld strength and a 4-index eld stregth




respectively. Using the criteria for stainlessness
of a p-brane and the equation (73), we nd that the stainless solutions of
N = 2; D = 9 supergravity theory are an elementary particle, an elementary
membrane and a solitonic 6-brane. Applying (70), we obtain the metrics for
these solutions































It is of interest to note that a solitonic 5-brane, which is stainless as a solution
to N = 1; D = 9 supergravity theory, does not remain stainless in N =
2; D = 9 supergravity. This seeming paradox can be resolved if we consider
details of the truncation of N = 2 to N = 1 supergravity, which contains
a dilaton, a 2-index eld strength and a 3-index eld strength. One cannot
consistently truncate out either two 2-index antisymmetric tensors or a scalar
eld. Nonetheless, it is possible to make a consistent truncation if we rst























2 = 0 which now is consistent




2F (2)2 , we get the
Lagrangian for the bosonic sector of N = 1; D = 9 supergravity [11, 14]:



















1 ~F 22 : (82)
We now see that to obtain a 5-brane solution described by ~F2 inN = 1 theory,
one has to start with a multi-brane solution [9] inN = 2 supergravity, namely,
a two-scalar 5-brane described by F2 and F2
(2). The metric for this solution,
























For k1 = k2, the two-scalar 5-brane can also be viewed as a single solitonic
5-brane of N = 1 supergravity preserving half of the supersymmetry of this
theory. It should also be remarked that the  value for the N = 1 5-brane is
2, as opposed to  = 4 for the N = 2 5-brane, which is yet another indication
of a multi-brane origin of this solution.
Thus we see that an interesting phenomenon of supersymmetry enhance-
ment may occur when a single-brane solution of truncated theory can be
viewed as a particular limit of a multi-brane solution of extended supergrav-
ity. Notice that not only does one obtain a solution preserving more super-
symmetries, but one may also nd a new stainless p-brane in the truncated
supergravity.
We now begin to examine in detail the stainless solutions (78)-(80) and
varify that they preserve half of the supersymmetry. To consider the super-
symmetry of the elementary particle solution (78), we make a 1 + 8 split of
the gamma matrices:
Γ0 = γ9; Γ
m = γm; (84)
where γ9 = γ1γ2    γ8 and γm are numerical matrices with flat indices. The











 0 = 12e























Substituting the solution (70) into the equations above, we nd that the




A "0 ; γ9 "0 = "0 ; ijΓ
ij"0 = "0; (86)
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where "0 is a constant spinor. Thus the elementary particle solution preserves
half of the supersymmetry.
To varify that the elementary membrane solution also preserves half of
the supersymmetry, we make a 3 + 9 split of the gamma matrices:
Γ = γ ⊗ γ7 ; Γ
m = 1l⊗ γm ; (87)
where γ7 = γ0γ1 : : : γ5 in the transverse space and γ1γ2γ3 = 1l on the world









@mC 1l⊗ γmΓi" ;
  = @mAe




γ ⊗ γ7γm" ; (88)















This solution preserves half of the supersymmetry provided that
" = e−A"0; γ7 ⊗ 1l "0 = "0 : (89)
It can be shown that a solitonic 6-brane solution (80) also preserves half
of the supersymmetry [11]. This solution, as was discussed above, is stainless
in N = 2, D = 9 supergravity, the reason being the absence of the required
one-index eld strength in type IIA D = 10 supergravity [11]. However,
in D = 10 there also exists the chiral type IIB supergravity theory which,
unlike type IIA version, cannot be obtained by compactication of the eleven-
dimensional N = 1 supergravity, and which contains the necessary one-index
eld strength. Recalling that the coecient a in the exponential prefactor of
this eld stregth is 2, and that ~d = 0, one concludes, based on (73), that the
solitonic 6-brane of N = 2, D = 9 supergravity can be isotropically oxidized
to the type IIB solitonic 7-brane. A similar situation is encountered with
the elementary membrane solution which turns out to be a descendant of the
type IIB self-dual elementary 3-brane described by a ve-index self-dual eld
strength with a = 0. Thus, if besides eleven-dimensional supergravity one is
to include type IIB supergravity in the classication of p-brane solutions, one
necessarily arrives at a conlcusion that the elementary particle is the only
stainless solution in N = 2, D = 9 supergravity theory.
6 Conclusions
In this paper, we constructed and studied the extended N = 2 supergravity
theory in D = 9. The full action was obtained by compactifying D = 11
supergravity directly to D = 9. The method employed was the ordinary
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Scherk-Schwarz dimensional reduction procedure which gives an advantage
of constructing the lower dimensional theory in one step, as opposed to the
standard Kaluza-Klein step by step dimensional reduction, and also enables
one to consider compactication on a non-trivial group manifolds [12]. We
explored the stainless p-brane solutions to the obtainedN = 2 supergravity in
D = 9. Having derived the supersymmetry transfornation laws for the elds,
we were in the position to examine the sypersymmetry of the found stainless
p-branes. Discussing the relation of the N = 2 solutions to the N = 1
stainless solutions, it was observed that the stainless solutions of truncated
theory may or may not remain stainless in the extended supergravity. The
notion of stainlessness was discussed in the case when, along with D = 11
supergravity, type IIB supergravity was taken into consideration.
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